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ASYMPTOTIC (), JOINT NORMALITY OF SAMPLE QUANTILES*

d
By

Sadao lkeda
Dept. of Economics, Soka Univ., and Dept. of Statistics, Purdue Univ.

Summary
Notions of asymptotic equivalence of probability distributions and
some of their properties are briefly presented. By applying the results
on type ()4 asymptotic equivalence, asymptotic (8)4 joint normality of
a set of increasing number of sample quantiles are discussed, which improves

and refines the previous work by Ideda and Matsunawa (1972).

1. Introduction

Consider two sequences of random variables {Xt;t+t0} and {Yt;t+t0},
Xe and Yt belonging to P(Rtﬂit} for each t, where t is a parameter taking

values in a given metric space, R, is any given abstract space, B, is a

t t
s-field of subsets of Rt’ and finally P(RtJat) designates the class of all
rancum variables distributed over the measurable space (RtJ3t).

Let us consider a sequence, {ct;t+t0}, of subclasses of corresponding

Rt’s, and denote it by (C).

*The writing of this paper was facilitated while the author was visiting Purdue
University in part under the ONR Contract NO0O14-75-C=0455.

Keywords: Asymptotic theory, order statistics, normal distribution.
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Under the above situation, two kinds of notions are defined:

Definition 1.1 (a) Two sequences of random variables {Xt;t+to} and

{Yt;t+t0}, are said to be asymptotically equivalent in the sense of

type (C)d, and briefly denoted as

(1.1) Xy v Yo (C)ys(toty)s
provided that the following condition holds:

X Y
(1.2)  &,(X,,¥,.5¢c.) = sup |P tE) - P YHE)[H0,(toty).
AUt e T, 0
t

(b) The two sequences are said to be asymptotically equivalent in the

sense of type (g)r, and denoted as

(1.3) Xy Yt(c)r,(t+t0),
provided that

X
t
(1.4) ar(Xth;ct) = sup |Ev_i§l -I[»O,(t+t0)
c t
t P *(E)

In case where (Rt’ﬁt) and ¢, are fixed independently of t, a weaker

t
notion of asymptotic equivalence is defined corresponding to each types of

the above definition. Let (RtJBt) = (R,8) and c, = C.

Defintion 1.2. (a) {Xt;t+to} and {Yt;t+t0} are said to be asymptotically

equivalent in the sense of type;j(g))d. and denoted as
(1.5) Xg vY ((e))ys (toty),

provided that
xt Yt

for each E belonging to C.
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(b) The sequences are said to be asymptotically equivalent in the sense

of type ({c)).. and denoted as

(1.7) X~ Yy ((c))r, (t+t0),

provided that
X

(1.8) PHEL —1) =+ 0, (toty)
P (E)

for each E belonging to C.

Each of the four types of asymptotic equivalence defines the corresponding

type of notions of asymptotic independence and convergence. (see Tkeda 1963, 1968).

Among various types of asymptotic equivalence defined above, type (B)d

asymptotic equivalence enjoys very nice properties. By Def. 1.1, XY, (ﬂ)d,

(t~t,), if and only if

0

Xy Yy
(1.9)  s4(X»¥ysmy) = sup [P 2(E)-P “(E)] » 0, (totg).
Een,

First we state the following:

Proposition 1.1 Let @t(Z) be any given measurable transformation from (Rtat)

to (R,.8,) for each t, and put X_ = ¢ (Xy) and Y, = ¢ (Y,). Then, Xy v Yo (B)y
implies Yt v V;(ﬁ)d, as t+ty. If, in particular, both the spaces are identical
and oy 15 non-singular, then thYt(ﬁ)d is equivalent to XéVYt (a)d, as t+t0.
Proposition 1.2 Let ht(z) be a real, single valued function defined over Rt’

for each t. If e[ht(xt)l1+<S and 6|ht(Yt)l]+6 are both uniformly bounded in t
for some § > 0, then the condition thYt(a)d, (t+t0), implies that
& hy(X,) - € hy(Y,)] > 0, (tsty), where in general € h(X) = [, h d pX.

Some useful criteria for type (a)d asymptotic equivalence have been given:

Proposition 1.3 (a) For xtht (a)d, (t+t0), it is sufficient that either one




of the following conditions holds:

(1.10) min{I(xt:Yt;At), I(Yt:xt;At)} + 0, (t+t0).

oo s _ oy oo

(1.M) min{N(Xt:Yt;At), N(Yt:Xt;At)} + 0, (t+t0). where {At;t+t0} is a

TR

X Y
sequence of subsets such that P t(At) +1orP t(At) +1 as t~» to, and I
and W are definded by

f
Y :AL) = _t
(1.12)  I(X.:Y3A,) { f, log 3, dv,,
t

and

f
o = t 2
(1.13) "(Xt'Yt’At) | gt(g 1) dvt.
At t

(b) For Xg v Yy (B)d, (t+t0), it is necessary and sufficient that
(1.18) O(Xt,Yt;At) H £ /ftgtdvt + 0, (t+t0)
t
where {At, t > t0} is the same as in (a) above.

Evaluation of approximation error, 6d(xt,Yt;Bt), can be done by using

either one of the following inequalities:

Propositon 1.4
. . 2 .
(]-]5) 0 < ]'D(Xt!Yt’Rt) g 5d(xt,YtaBt) < {1-p0 (xt’yt’Rt

A

)}1/2

i Y oYX s 1/2
(mln{I(Xt.Yt,Rt), I(Yt.Xt,Rt)})

nA

A

: ¥ . Ly . 1/2
(m1n{log(1+N(xt.Yt,Rt)). log(1+w(Yt.xt,Rt))})

R.)17/2 _])}1/2

. 3 4 o oy .
(1.16) 640K,V 8y) < {3 (0145 minCI(XYL0R,) TY iRy

3 Y - oy -
< (3 min(IX Y iR )LICY X R DY)

172




Recently, Matsunawa and lkeda (1981) have obtained a necessary and
sufficient condition for X, ~ Yt(ﬁ)d,(t+t0) to hold in terms of the quantity
I(Xt:Yt;A ).

In the following section, we shall specialize the notions of asymptotic
equivalence of type (c)d and of type ((c))d to a special set of subclasses

in real case, which are of common interest in statistics.

2. Asymptotic equivalence in real case.

Let {X ); s > »} and {Y ); s » =} be two sequences of real random
s

s(nS s(n
variables, xs(ns) and Ys(ns) belonging to P(R(ns),u(ns)), the class of all

random variables distributed over the ns-dimensional Euclidean space, R(n )
s

with the usual Borel field ﬁ(n )
S
We take the following sequences of subclasses:

{m 3 $=1,2,...}1. (8 3 $=1,2,...} {A s $=1,2,...1,
2.1 (n.) (n) (ng)

{ﬁ(ns); s=1,2,...} and {ﬁ(ns); §=1,24...3,

where we have defined:

Wﬁn) = (Z(n)i - < Zi < bi; i=1,2,...,n; by: extended real},
g(n) } {Z(n)l a4; s Zi < bi; i=1,2,...n; ai’bi: extended real},
(2.2) N
A,y = { ) E.(disjointsum)|E. €8, y; J=1...,N; N: any positive integer},
(n) 7457 37 (n)
é(n) = class of all open subsets of R(n)'

Among the five types of asymptotic equivalence, Cw)d.(s)d,(A)d,(Jéd and
(ﬁ)d, corresponding to the sequences in (2.1), the following implication relations

hold:




In case of general basic spaces,

(2.3) (84> (A)ys(8) 4} T U(8) g} ()},

and in case of identical (or equal) basic spaces where (R(n )’ B(n )) =
S s

(R(n)’ B(n)) for all s,

(2.4)  ((B)g»(A)ys(8) )y 1(8) s (m) )

where { } designates a group of equivalent notions,— "imply", and +
"not necessarily imply, counter example shown".
Among the five weaker types of notions, the following implication diagram

is obtained:

(2.5) BN ) > (BN LAY ((8)) o () 3.

Some conditional implication relations have been also obtained (see Ikeda
1968). Note that type ((Wz))d convergence is equivalent to the usual in law
convergence, provided the 1imiting distribution is of continuous type, in
which case, it is also shown that ((7/())d and (77()d are mutually equivalent,
as in the Central Limit Theorem. Also, in many cases of in law convergence,
it turns out that the convergence is of type (B)d.

In the following section, we shall apply the type (B)d asymptotic
equivalence notion to the asymptotic normality of a set of increasing number

of selected order statistics.

3. Asymptotic (B)d joint normality of sample quantiles.

Mosteller (1946) has shown, under mild conditions, that given a spacing

0<A] <eaa<hy <1, the corresponding set of order statistics,

i




Xn,n]<xn,n2<...<X n, = [Ain] + 1, are asymptotically jointly normally

n,n > i
Tk
distributed, in a sense of type ((7)())d in our present terminology, with mean

vector (F'](x?),...,F'](xk)) and covariance matrix

o - -
AMO=2) 0 3 0-2) 0 M(-4)
3
f f1f2 1tk
(3.1) .
1 Az(;-xz)_ 0= F=F(F (0;))0=0000
n
f, ol
L . .
Ak(l-xk)
7
fy
i 3

Later on, Weiss (19639) has tried to derive an asymptotic distribution, in a
strong sense, of a set of increasing number of sample quantiles, and has
proved a result, which is a special case of lkeda and Matsunawa (1972).

Now, we begin with the case of uniform distribution over the unit interval,

<e.e<l be order statistics based on a random sample

(0,1). Let Un,1<un,2 n.n

of size n drawn from a uniform distribution over (0,1). Select k order

statistics, U <U <oeecl

n,ny Tn,n, n,ns and put
(3.2) Uik = (Un,n1’Un,n2""’Un,nk) ;
where k and (n],nz, RN ’"k) may depend on n as n » =,

By applying the criterion (1.10), Ikeda and Matsunawa (1972) have shown

that the following theorem holds:




Theorem 3.1 If the condition

k

(3.3) Wn z a?ﬁzﬁ;:ﬁgtqj- — 0, (n — m)’

1<i<k+]

1"

holds, then Un(k) and Zn(k) are asymptotically equivalent in the sense of

type (B)d as n > =, where Zn(k) stands for a normal random variable with

mean vector

(3:4) o = (20108 £ )' with 2 . = Ei i=1,2 K
n(k) S RLTVARERR LSOV ni n+l? sl .. 3Ky

and covariance matrix

[ (1. . .
zn](l zn]) gn](l an) ... En](] znk)
- - -
(3.5) Ln(k) Y an(] 2n2) o Rn2(1 lnk) l .
L (1oe ) |
* ‘ fLnk“ an)—}

Here we have taken a covention n0=0, nk+]=n+1.

In this case an upper bound for the quantity 5d(Un(k)’zn(k);ﬁ(k)) 15

given by (1.16):

. . 3 . . /2
(3.6) Salbn(i Zaii i) £ (31 Wnt ZagoiR?)
with
(3.7) I(Un(k):zn(k);R(k)) =W, *o (wn).

The result obtained in Theorem 3.1 is, of course, extended to a

uniform distribution over any given finite interval, by virtue of Prop.1.1.
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Ikeda and Matsunawa (1972) have also obtained a result in case of
general basic distribution. However, the conditions there are somewhat

gloomy and not convenient to practical use. Moreover, the conditions

include a stronger condition for the spacing of (n], n2,...,nk) than (3.3):
(3.8) ¢ (n > =)
3.8 *—-z—-:-———;—-——)(], n > o).

min(n.-n;_,

1<i<k+]

Recently, Ikeda and Nonaka (1981) have obtained a refined result, which
improves the earlier one.

Let Xn,1<xn,2<' . ’<Xn,n be order statistics from a continious
distribution over the real line, whose pdf. and cdf. being given by f(x)

and F(x), respectively. Choose k out of the order statistics, and put

(3.9) X = (X X S !
n(k) ( n,n], nsnz n,nk>.

We shall first consider the case where the support of f(x) is identical
Wwith the entire real line: Df = (~w,o).

Ther, the transformed variable

(3.10) F(Xn(k ) < ( n n)’ < ",“z) ’F<X"’"k>>l

is identically distributed with Un(k) given in (3.2), or,

(3.11) F-]<Un(k)) . <F-]<Un,n1)’F—]<pn,"2>""’F-1(Un,nk) >.

is identically distributed with Xn(k)'
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Let us consider a truncation of Zn(k)*over the domain A(k) = {Z(k)l
szifl; i=1,2,...,k}, and denote it by Zn(k)' It is then evident that,

o . o
under the condition (3.3), 2 (k) N Zn(k) (ﬁ)d,(n ). Further, let us put

n
(3.12) Y;(k) ) F'](Z:(k)) (F’](Z:,,>, F-‘(z:’z)....,F'](z;’k)):

and finally let Yn(k) be a normal random variable with mean vector

"ne

-1

(3°]3) Sn(k) = (Sn],snz,...,snk), with Sni = F (Qni)’ 1=]a2’--~5k,

and covariance matrix

(o) 2 00-e ) - o in“"‘nkﬂ
2
f ff
nl nl n2 fnlfnk
1
(3.18) S,y = =% B
n(k) n+2 znz(I *nz) .. znz(l-znk)
2
*
f2 o2tk
Rnk(]'lnk)
2
L fnk -
= p (s £ )L, DTN (F k)
nl’>* " 'nk’ “n(k) nt’> " Tnk’?

where we have put fniz f(sni) = f(F-](nni)), i=21,2,...,K.

The following diagram indicate the relations among the variables thus

difined: ) )
By By «
Un(k) v Zn(k) v Zn(k)

(3.15) LAY Ve




e ————————

N
- » » *
Under the condition (3.3), it holds that Un(k) ~ Zn(k) (B)d and therefore,

*
by Prop.1.1, Xn(k) v Yn(k) (B)d, as n » =, Hence, if one can show that
*

Yn(k) v Yn(k) (B)d, (n > =), with possibly some additional conditions,
then it holds that Xn(k) N Yn(k) (B)d, i.e., Xn(k) would be distributed i
as normal with mean vector Sn(k) and covariance matrix Sn(k)' j
. - » * . ]

Ikeda and Nonaka (1981) investigated the quantity I(Yn(k)'Yn(k)’R(kl) }

for criticizing the type (a)d asymptotic equivalence between Yn(k) and Yn(k)’ !

to get the following theorem.

Theorem 3.2  Suppose that the following assumptions are fulfilled:

(1) The support of f(x) is identical to the entire real line: D¢ = (-=,=).

(ii) f(x) is twice differentiable and f"(x) is bounded and continuous over
the entire real line.

(iii) The function, ¢(x) = {f(x)f"(x)-f'(x)z} / f(x)z, is bounded uniformly

for all x in ( -w,=).
Then, in order that Xn(k) " Yn(k) (ﬁ)d,(n » w), it is sufficient that the

following conditions are satisfied simultaneously:

k

(3.]6) w o ‘*-T—"_—————)' + (0, (n -+ co),
n ~ min{n.-n,
1< <k+]
and
4 %n cg
(3.]7) LN maX{On, s — 1} » 0, (n g “’)’
n vnt2  n+2
where we have put
e . (1-n .
; 2 . 2 2 _ ni ni i
’ (3.18) o = MaX o i s O ———;2—~———-, i=1,2,...,k.




| :

In case where k and zni's are fixed, the conditions (3.16) and (3.17)
are automatically fulfilled, in which case, however, the assumptions (i)—(iii)
happen to be slightly stronger than those by Mosteller (1946). In this case,

more direct calculation would be possible, which will be left open.

Ikeda and Nonaka (1981) have given a more general result than the
above theorem, which states the following result:
Theorem 3.3 Suppose that the following assumptions are fulfilled:
(i) The support of f(x) is identical to an open interval: D, = (a,b),
where a and b are extended real.
(ii) f(x) is twice differentiable and f"(x) is bounded and continuous over
(a,b).

(#1i) The function, ¢(x) )2

{f(x)f"(x) - f'(x)2}/ f(x)“, is bounded uniformly

for all x in (a,b).
Then, in order that xn(k) ~ Yn(k) (B)d, (n » =), it is sufficient that the

following conditions are satistied simultaneously:

k

(3.]9) wn = m - 0, (ﬂ > °°).
1<i<k+}
05 06
(3.20) W, ';o:, A, —"—f + 0, (n =),
Vn+Z  n+2
and
04.
3-21 *n 1T?)<(k [min{la-s m|2 |b-s -IZ}] >0 fnm el
- = ni'°? nl

It is evident that this theorem implies the result in the preceding

theorem. Also, it should be noted that, in order to obtain an error estimation
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, an evaluation of the K-L information

for 64(a (k) *"n(k) (k)]

should be done directly.

M A T i i 1
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